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Abstract 
The present paper deals with the quadratic ongruential method with power of two modulus for generating uniform 
pseudorandom numbers. Statistical independence properties of pairs and triples of successive terms in the generated 
sequences are studied based on the discrepancy ofthe corresponding point sets. In the main part of the paper a known 
upper bound for the discrepancy ofpairs is improved and new upper bounds for the discrepancy oftriples are established. 
Known lower bounds for the corresponding discrepancies are recalled. The method of proof relies on a detailed 
discussion of the properties of certain exponential sums. 
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1. Introduction 
Nonlinear congruential methods of generating uniform pseudorandom numbers in the interval 
[0, 1) have been studied intensively during the last years. A review of the development of this 
important area can be found in the survey articles [3, 4, 6, 13-15, 17] and in the excellent 
monograph [16]. The oldest nonlinear congruential pproach is the quadratic ongruential method 
proposed in [9, p. 25], which recently received considerable attention [1, 2, 5, 7]. The present paper 
concentrates on the particularly important case of a power of two modulus m = 2 °' with some 
integer to i> 5. Let 7/. = {0, 1,.. . ,  n - 1 } for integers n/> 1. For parameters a,b, c ~Zm a quadratic 
congruential sequence (y.), ~ 0 of elements of Z,. is defined by 
y,+ l = ay 2 + by. + c(modm), n ~>0. 
A sequence (x.), ~ 0 of quadratic congruential pseudorandom numbers in the interval [0, 1) is 
obtained by x. = y Jm for n 1> 0. The sequences (x.), ~ 0 and (y.), ~ 0 are purely periodic with the 
maximum possible period length m if and only if the conditions a = 0 (mod 2), b = a + 1 (mod 4), 
and c = 1 (mod 2) are satisfied [9, p. 34]. The results in [7] on the statistical independence of pairs 
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of quadratic ongruential pseudorandom numbers uggest hat it is reasonable to choose the 
parameters a, b in such a way that a = 2 (mod 4) and b = 3 (mod 4). 
Statistical independence properties of the generated sequences, which are very important for 
their usability in a stochastic simulation, can be analysed based on the discrepancy of s-tuples of 
successive pseudorandom numbers with s t> 2. For N arbitrary points to, t l , . . . ,  tN- ~ • [0, 1) s their 
discrepancy is defined by 
Ds(to, t l , . . . ,  tN- 1 ) = sup I FN(J) - V(J)[, 
J 
where the supremum isextended over all subintervals J of [0, 1) s, FN(J) is N - 1 times the number of 
points among to,t1 . . . . .  tN-1 falling into J, and V( J )  denotes the s-dimensional volume of J. 
Observe that the discrepancy of N true random points in [0, 1) ' is almost always of an order of 
magnitude N - 1/2 (log log N) 1/2 according to the law of the iterated logarithm for discrepancies [8]. 
Subsequently, the abbreviations 
Xn=(Xn,Xn+l,. . . ,X,,+s-1)e[O, 1) s, n~O,  
and 
D¢s) Dm(xo,xl .... ,Xm-1) m;a,b,c 
are used. Section 4 of the present paper contains upper and lower bounds for the discrepancy 
DCZ) of pairs, which are based on earlier esults in [7]. In Section 5 the main results of the present ra;a,b,c 
paper on the discrepancy D~)a.b,c of triples are established and discussed. Their proof relies on the 
analysis of certain exponential sums, which is carried out in Section 3. The reader is referred to [10] 
for an introduction to the theory of exponential sums. Section 2 contains ome basic auxiliary results. 
2. Auxiliary results 
First, some further notation is necessary. For integers k I> 1 and q >/2 let Ck(q) be the set of all 
nonzero lattice points (h~,..., hk) • 7/k with - q/2 < h~ <~ q/2 for 1 ~< j <~ k. Define 
Sqsin(nihl/q) for h•Cl (q) ,  
r (h ,q)  ~ 
for h=0,  
and 
k 
r(h, q) = I-I r(hj, q) 
j= l  
for h = (h~ .... , hk) • Ck(q). For real t the abbreviation e(t) = e 2~it is used, and u. v stands for the 
standard inner product of u, v • ~k. Subsequently, a known general result for estimating discrepan- 
cies is stated which follows from [11, Lemma 2.2], [16, Theorem 3.10]. 
Lemma 1. Let N >~ 1 and q >1 2 be integers. Let t, =yn/q • [0, 1) k with Yn • {0, 1, ..., q -- 1}k for 
0 <~ n < N. Then the discrepancy of the points to, t l , . . . ,  tN- ~ satisfies 
DN(t° 't l '""  tN-1) <<" -q +-N1 ,q)r(h,q)l IN-ln ~=0e(h'tn)" 
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The following result is essentially due to Niederreiter [11, 12]. Its first part follows from [11, 
Lemma 2.3]; its second and fourth parts can be deduced from [12, Lemma 4], whereas the third 
part can be shown analogously. 
Lemma 2. Let ~ >i 1 and c - 1 (mod 2) be integers. Then 
1 } 2 
Z r(h,2,-----~ < l°g 2" + ~, 
h ~ Cl (2") 
1 1 2~ 5 
Z r(h,2"------~) < log + 
h e Cl (2") 
h -= 1 (rood 2) 
for ~ >~ 3, 
1 1 2 
r(h,2~---~) < log2 ~ + 
h =- c (rrlod4) 
for ~ >~ 3, and 
1 1 2 
E r(h,2~----~) < l°g 2~ + 
h -= c (rood 8) 
for ~ >>. 4. 
3. Exponential sums 
For integers u, v, w, and ~ >~ 0 an exponential sum is defined by 
S(u,v,w;c;2 ~) = ~ e((uy + v(ay 2 + by) + w(a3y 4 + 2a2by a 
y~2P2~ 
+ (2a2c + ab 2 + ab)y 2 + (2abc + b2)y))/2~), 
where a, b, c e 7/with a - 2 (mod 4), b - 3 (mod 4), and c - 1 (rood 2). Some relevant properties of 
these sums are collected in the following three lemmas, where the abbreviation 
{~ for v= l(mod2), 
z = for v = 0 (mod 2) 
is used. First, observe that for ~ ~< 2 + z a straightforward calculation yields 
S(u,v,w;c;2 ~) = ~, e((u + v + 5w)y/2 ~) 
y~Z2 • 
={20~ for u+v+5w=O(mod2") ,  
for u + v + 5w ~ 0(mod2"). 
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Lemma 3. Let u, v, w, and ct >~ 1 be integers. I f  u =- v =-- w = 0 (mod 2), then 
S (u, v, w; c; 2 ") = 2S (u/2, v/2, w/2; c; 2 ~ - 1 ). 
Proof.  It follows at once from u = v = w = 0 (mod 2) that 
S(u ,v ,w;c ;2  ~) = 2 Y' e((uy + v(ay 2 + by) + w(a3y 4 + 2aZby 3 
+ (2a% + ab 2 + ab)y 2 + (2abc + b2)y))/2 ~) 
= 2S(u/2, v/2,w/2;c;2~-x). [] 
Lemma 4. Let u,v,w, and ~ >~ 3 + z be integers, l f  u - v + 5w ~ 0 (mod22+~), then 
S ( u, v, w; c; 2 ~) = O. 
Proof.  A short calculation shows that 
S (u, v, w; c; 2 ") = ~ e((u(y + 2~-2-~z) + v(ay z + by - 2~-2-~z) 
y E 772~-2-t zE 7722+~ 
+ w(a3y 4 + 2a2by 3 + (2aZc + ab 2 + ab)y 2 + (2abc + b2)y 
+ 2 ~ - 2 -~ 5z))/2 ,) 
= ~ e((uy + v(ay 2 + by) + w(a3y 4 + 2a2by 3 + (2a2c + ab 2 + ab)y 2 
y E 7/2~-2-~ 
+ (2abc + b2)y))/2 ~) ~ e((u - v + 5w)z/22+~). 
z ~ 7/22+~ 
Hence, it follows from u - v + 5w ~ 0 (rood22 +~) that the last sum is zero, which yields the desired 
result. [ ]  
Lemma 5. Let u, v, w, and ~ >>- 3 + z be integers. I f  (u,v,w) ~ (0 ,0,0)(mod2)  and u - v + w 
= 4(mod 2 2 +~), then 
IS(u,v,w;c;2~)l u = 2 2~+~+1. 
c ~ 7/U 
c =- 1 (rood 2) 
Proof.  Let v ~ {0, 1 . . . .  , e - 3 } be defined by gcd (w, 2 ~- 3) = 2 v. Observe that gcd (v, 2 v + x) = T, 
since v = 0 (mod 2) implies that w = 1 (mod 2) and hence v = 0. Now,  straightforward calculations 
show that 
y" [S(u,v,w;c;2~)[ 2 
c ~ ~2 • 
c ------ I (rood2) 
= ~ ~ e( (u (y - -  z) + v(a(y 2 -- z ~) + b(y -  z)) 
d ~ 772~- 1 y ,z~Z U 
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+ w(a3(y 4 -- z 4) + 2a2b(y 3 - z 3) + (2a2(2d + 1) + ab 2 + ab)(y  2 - z 2) 
+ (2ab(2d + 1) + b2)(y - z)))/2") 
= ~ e((u(y - z) + v(a(y  2 -- z 2) + b(y -  z)) 
y,z 6. 7_2~ 
+ w(a3(y a -- z 4) + 2aZb(y 3 - z 3 )  -]- (2a 2 + ab 2 + ab)(y 2 - z 2) 
+ (2ab + b2)(y - z)))/2 ") ~ e(2aw(a(y + z) + b)(y - z)d/2 ~-~) 
d ~ Z 2, - 
2 a t -1  e((u(y -- z) + v(a(y  2 -- z 2) + b(y  - z)) 
y,z  6- Z2~ 
y -= z (rood 2 ~-~-s)  
+ w(a3(y  4 - z 4) + 2a2b(y 3 - z 3) + (2a 2 + ab 2 + ab)(y 2 - z 2) 
+ (2ab + b2)(y - z)))/2") 
2 `` -1  2 
y,z  6- 22~ 
y -= z(mod2 ,-v-3) 
e((u(y -- z) + v(a(y 2 - z 2) + b(y  - z)) + 5w(y  - z))/2``) 
= 2 "-1 ~., ~ e((ux + v(a(2xz + 2a-v-3x 2) + bx) + 5wx)/2 v+3) 
x ~ Z2~+3 z ~ 7/2a 
= 2 ` `-1 ~ e((ux + 2``-v-3vax 2 + vbx + 5wx)/2 v+3) Z e(vaxz /2v+2 ) 
X ~ Z2~+3 Z E ~2 ~ 
= 22``- 1 L 
X E 22~+3 
X -~ 0 (mod2 v - '+ l )  
e((u -- v + w + 4)x /2  v+ 3) 
=22~-1 ~ e( (u -v+w+4)~/22+~)=22~+~+1 
~ Z22 +, 
which is the desired result. [] 
4. Discrepancy of pairs 
The present section deals with the discrepancy D(2)a,b,c of the pairs 
x ,=(x . ,x .+ l )e [ '0 ,1 )  2 , 0~<n<m,  
of successive quadratic congruential pseudorandom numbers. The upper bound in Theorem 
6 improves an earlier bound in I-7, Theorem 1] by a factor of nearly eight. Its proof is based on 
results in [-7]. The lower bound in Theorem 7 is cited from I-7, p. 249]. 
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Theorem 6. The discrepancy ,~(2) of pairs in the quadratic ongruential method satisfies l Jm;a,b,c 
/'~(2) 2(4 + ) v2 
~,.;~,b.c < 7 m- log m + + -- 
m 
for any parameters a - 2(mod4), b ~ 3(mod4), and c =- l(mod2). 
Proof. First, Lemma 1 is applied with k = 2, N = q = m, and t. = x. for 0 ~< n < m. This yields 
D(2) 
2 1 1 [ m- 1 [ 
m;a,b,c ~ --m + -m h ~ ~(m) r(h,m----~), .Z= o e(h.x.) 
I 
=--+- -  ~ ~ e(h.x.) 
m m v=o h = (hl,h2)~C2(m) n=O 
gcd(h2,m) = 2 ~ 
2 1 2 ,0-3 1 
= -- + E r(h,m----~ + ~ Z 2~/2 E , m h =(h,,h2)~C2(m ) v=O h =(hl,h2)EC2(m ) r(h,m) 
h2 ~ 0(rood2 '~-2) gcd(h2,m) = 2 ~ 
ha + h2 = 0 hi --- h2(mod2 ~+z) 
where the last equality follows at once from [7, Lemma 7]. Straightforward calculations show that 
1 
r~h,m~ =h =(hl,h2)ECz(m ) ~ ! 
2 1 5 
(r(m/4,m))2 + (r(m/2,m))2 - m2, 
h2 -= 0 (mod2 '~-2) 
hi +hz=0 
which implies that 
2 5 2 ,0-3 1 
D(2) ,,;~,b,~ < --m ~-2 ~- ~ +  + ~ 2 - 3v/2 Z 2,o- v) 
~=o g = (o,,g~) ~ c~(2 °-~) r ,~,,  
92 =- 1 (rood 2) 
gl = g2 (mod4) 
2 5 2 `0-3 
= -- + --v + 3" 2-3v/2 
m m" ~ v=o" 
Hence, it follows 
Dr2) 2 
m;a,b,c ~-  
m 
2 
<--  
m 
+ ~ ~ 2 -3~/z log2~, - ,  + log2 °'-~ + 
v=O 
= --m + ~-7~=__~o 2-a~/2 l°g2`o-v + l°g2`o-~ + 
1 1 
Z 2,o-~) Z r(gl, 2,o-~)- 02~C1(2 °'-~) r (02 ,  y2 e C1(2 ~-v) 
Oz ~ 1 (rood2) gt -= gz(mod4) 
from Lemma 2 that 
+ ~ + ~ ~ 2-  3~/2 log 2 '°-v + log 2 ~'-v + 
v=0 
16{1 
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< -- m + m-~ ~ 2 -3~/2 logm + ~ logm + 
v=O 
<-  + (2-3/2) v logm + logm + 
m ~-~v=o 
= - m + 7m 1/2 \n  l°gm + 9 ~logm + 
2 2(4 + x/~)/1 ~)2 
<-+m :Tm f~ \~ logm+ 
which yields the desired result. [] 
Theorem 7. The discrepancy n{2) of pairs in the quadratic ongruential method satisfies ZJ m; a,b,c 
I 
D(2) m;a,b,c ~ m-  1/2 
3(rt + 2) 
for any parameters a - 2 (mod 4), b = 3 (mod 4), and c - 1 (rood 2). 
Theorem 6 shows that n(2) O(m-1/2(10gm)2) for any quadratic ongruential sequence, LIm;a,b, c 
where the implied constant is absolute. In Particular, this upper bound is independent of the 
specific choice of the parameters a, b, c in the quadratic ongruential method, provided the 
conditions a = 2 (mod4), b = 3 (mod4), and c = 1 (mod 2) are met. Theorem 7 implies that the 
upper bound is best possible up to the logarithmic factor, since the discrepancy -(2). Dra;a,#,c of any 
quadratic ongruential generator with a = 2(mod4), b - 3 (mod4), and c = 1 (mod 2) has an order 
of magnitude at least m- t/2. Altogether, Theorems 6 and 7 show that the discrepancy of pairs is 
always of an order of magnitude between m-~/2 and m-~/2(logm)2, which fits well the law of the 
iterated logarithm for the discrepancy of true random points in [0, 1) 2. 
5. Discrepancy of triples 
In this final section the discrepancy r,~3) of the triples LIm;a,b,c 
X~ =(xn,  xn+ x, X,+ 2) ~ [0, 1) 3, 0 ~< n < m, 
of successive quadratic ongruential pseudorandom numbers is studied. The main result of the 
present paper is Theorem 8, which provides an upper bound for the average value of the 
discrepancy of triples over the parameter c. Theorem 9 is an immediate consequence of this 
result. A proof is added for the sake of completeness. Theorem 10 corresponds to the main result 
in [5]. 
246 J, Eichenauer-Herrmann / Journal of  Computational nd Applied Mathematics 62 (1995) 239-253 
Theorem 8. The average value of the discrepancy n(a) ~',.;.,b: of triples in the quadratic congruential 
method over c ~ ~-m with c = 1 (mod 2) satisfies 
2 2 n(3) 4(17 + 6x /~)m- l /2 (1  - - ,"  11~ 3 3 
--m ~ez. t'lm;a'b'c < 31 logm +-i-~l +-m 
c ~- 1 (rood2) 
for any parameters a - 2 (mod4) and b - 3 (mod4). 
Proof. First, Lemma 1 is applied with k = 3, N = q = m, and t. = x. for 0 <~ n < m. This yields 
D(a) 3 1 1 ,.- x .x.) ,.;~,b,c <-% -- + m Z r(h,,m) .~-~o e(h . m h ~ CMm) 
Since Xn=(yn, Y.+l,Y.+2)/m and Y.+I =-ayZ+bY, ,+c(modm) for n~> O, it follows fron 
{Yo, Y~ .... , y,.-a} = Zm that 
e(h.x . )  = e((hly. + h2(ay 2 + by. + c) 
n=O n=O 
+ h3(a(ay 2 + by. + c) 2 + b(ay 2 + by. + c) + c))/m)l 
= IS(hi, h2, h3;c;m)[ 
for any h = (hx, h2,h3)~ Ca(m), where S is the exponential sum of Section 3. Hence, one 
obtains 
3 1 1 D(3) m;a,b,c ~ - -  -[- - -  E 
m m h =(h~,h~,h3)~C3(m) r(h,m) 
IS(hi, h2, ha;c;m)l 
3 1 '~-1 1 
=--+- -  ~ ~., r(h,m-----~)lS(hl,h2, h3;c;m)[ 
m m v= 0 h =(hl,h2,h3)eC3(m ) 
gcd(hl, h2, h 3, m) = 2 v 
3 ]¢o--1 
=--+ ~o2,  1 
m m ~ r(2Vg, m) v= g=(gl,g2,g3)eC3(2 ~-v) 
gcd(gt,g2,O3,2) = I 
IS(gl,g2,ga;c;2o,-~)l, 
where in the last step Lemma 3 has been applied. Straightforward calculations how that 
12o,-1 ~ 1 
m .g=(m,g~,g3)ec3(2)r(2o,-lg, m) 
gcd(ol,O2,O3,2 ) = 1 
[S(gx, g2, ga;c;2)[ 
x" 1 3 3 
g=(gl,g~,g~)~c3(2)z2 r(2~,- X g, m) (r(m/2,m)) 2 = m---2 , 
Oa +02 +03 --- 0 (rood2) 
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1 
T, r(2, -2g, m)lS(gl,g2,g3;c;4)l 
Y~ g = C01,02,03) 6 C3(4) 
gcdCgl ,g2,g3,2 ) = | 
1 
r(2O,-2g, m) 
g = C01,02,03) e C3(4) 
8cd(01,g2,93,2) = 1
01 + 02 + 03 =- O(mod4) 
6 6 12 12 
(r(m/4, m)) 2 + (r(m/4, m))2r(m/2, m) = -~ + - -  m 3, 
and 
2to -3  
m 
1 
Z r(2~,-ag, m)lS(gl,g2,g3;c;8)[ 
g = COl ,02,03) E C3(8) 
ged(01,02,03,2) = 1 
02 --- 0 (rood2) 
E 
g = (01,02,0a) e C3(8) 
Ol ~ 03 ~ 1 (mod2) 
01 + gz + 503 -= O(mod8) 
r(2~°-3g, m) 
4 
r(m/8, m)r(3m/8, m) 
2(1 
+ r(m/4, m) r(mT8,m) + r(3m/8, m) 
+ 2 
(r(m/8, m)) 2 r(m/2, m) 
2 
+ (r(3m/8, m)) 2 r(m/2, m) 
8x/~ 16x/~ + 32 
---~+~-~ m ~ , 
which implies that 
V,3~a,b, c <~ 3 8V/'2 + 15 16~/2 + 44 
--m + m 2 + m 3 
l t ° -3  1 
+--2  2" 2 
m v=o g=co,,o2,o,)~c, c2 °-') r (2~g, m) 
02 -= 1 (rood2) 
IS(g1, g2, g3;c; 2~-')1 
1 to -4  1 
+ -- ~o 2~ ~" r(2~g, re)IS(g1, g2, g3;c;2'~-~)l. 
~'~ V= g=(gl,g2,g3)eC3(2 ~-~) 
g2 -= 0 (rood2) 
god(g1 ,g3,2) = 1 
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Now, it follows from Lemma 4 that 
D?’ 3 8*+15+164+44 m,a,b,c 6 - + in m2 m3 
c 1 
g = (g1,g*,g,) E C,(2”_‘) w&s m) 
lQll,92,93;c~2w-v)I 
g2 - 1 (mod2) 
g1 - g2 + g3 - 0 (mod4) 
+iUi42V c 
1 
lS(g1, g2, 93;c;2w-y)I. 
V-O g = (gl,g*,gJ)E c,(2”-‘) r P’g, m) 
g, z g3 E 1 (mod2) 
g, - g2 + g, = 4 (mod8) 
Therefore the average value of the discrepancy D$+ over c E Z, with c = 1 (mod2) satisfies 
D!$,,c ,< - + 
3 @+15+16$+44 
m m2 m3 
c = l(mod2) 
1 w-3 , 
+f & 2’ c 
1 
V-O LT=(g,.g,*g,)~C,(2 “-“) r(2’g, m) 
q2 = 1 (mod2) 
gt-g,+g,=O(mod4) 
. 1 ISkI s2,~3;c;2w-v)I) 
CEZp-” 
c 3 1 (mod2) 
+kmg42’ c 
1 
V-O g =g1”~“4;g$w2;-;‘) r@‘gy m) 
9, - g2 + g3 = 4(mod8) 
. 
( 
$7 c ISkI,? g2, 93;c;2w-v 
CEZp-” 
c = 1 (mod2) 
<2+8fi+15+16$+44 
‘m m2 m3 
c 1 
g = (g1.g2,gJ)E C,(2”_‘) r(2’i.L m) 
g2 - 1 (mod2) 
9, - g2 + g3 = O(mod4) 
. J c I%, 92, 93x;2w-v)12 cEZ2”-” 
c E 1 (mod2) 
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] (o -4 .  1 
+-- ~ 2 ~ ~ r(2~g,m) 
m v=o g=(01,02,03)~c3(2 ~-~) 
91 -=- 03 -= 1 (rood2) 
gl -02  +Oa =- 4 (mod8) 
kf 1 • 2o,_~_ ~ c ~Z2~-v 
C ~ 1 (rood2) 
[ S (01 ,92 ,  03; c; 2 ~-  ~) [2, 
where finally Schwarz's inequality has been applied. Now, Lemma 5 can be used in order to obtain 
2 E D'3)a,b,~ ~< 3 8X/~ + 15 16X//2 + 44 
- -  - -  + m2 d- m3 m c~z. m 
c ~- 1 (rood2) 
2 co -3  1 
q- ~q~ E 2v/2 E r(Z~g,m) 
v = 0 g = (01,02,03) ~ C3(2 ~-v) 
02 --- 1 (mod2) 
91 --02 +03 =- O(mod4) 
2X/•% 4 2v/2 1 
+ ml/2 ~ E r(2~g, m) 
v=O g = (01,02,03) ~C 3 (2 °'-~) 
01 --- ga -= 1 (rood2) 
01 -92  +03 --- 4(roodS) 
3 8x/~ + 15 16x/~ + 44 
=-  + m 2 + m 3 m 
4 o~-3  1 
+ ~ E 2v/2 E r(2~g, m) 
v=0 g=(gl,0z,ga)ECa(2 ~-~) 
01 -- 0 (mod2) 
02 -= 1 (mod2) 
ga =- 02 - Ol (mod4) 
2x/~ ~'-4 1 
+- -  E 2v/2 E r(2Vg, m) 
m112 v=o g=(01,02,03)ec3(2 ~-~) 
91 =- 1 (rood2) 
02 -= 0 (rood2) 
03 ~ 92-01  +4(rood8)  
3 8x/~ + 15 16x/~ + 44 
= --m + m 2 q- m 3 
4 3 2 -3v/2 E r(2~01, m) 
+ ~ ~=o 0, ~ c,(2°-~)u{0} 
01 --- O(mod2) 
1 
Z Z 02 ~ c,(2~-v) r(g2,2 ~-v) 03 ~ Cl(2 ~-,) 
92 =- 1 (mod2) 93 -= 02 - 91 (mod4) 
r(g3, 2 ~-~) 
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2x/~ °-4 1 
+ ml/----T E 2-3v/2  E r(Z~o2,m) 
= 0 92 ~ C~ (2~'- ~) w {0} 
O: -= 0 (rood2) 
1 
E E 
C,(2 ~-~) r (g l ,  2 ° ' -  ~) 01 Os ~ C1(2 ~-~) 
9, =- 1 (mod2) Os -= ga - Y~ + 4 (rood8) 
r (g3 ,  20"-v)- 
Hence, it follows from Lemma 2 that 
2 ~ n(3) 3 8x/~ + 15 
- -  tJm;a,b, c < - -  + m e + 
m c~Z.  m 
c =- 1 (rood2) 
16w/-2 + 44 
m 3 
4 ¢o-3  1 
+~-i72 Z 2-a~/2 Z r(2~ol,m) 
v=O Ol ~ C1(2~-~)w {0} 
91 ~ 0 (rood2) 
" (llog20"- ~ + ~) (~-~ 10g20"- ~+ ~) 
+ 2X/~ 0"-4 1 
- -  Z 2-  3,/2 Z r(2"92, m) 
DI1/2 v=O g2eCl(2 ~ ~)to{O} 
92 -= 0 (mod 2) 
• (llog2o'-~ + 5)(11og20"-~ +~) 
3 + 8V/-2 + 15 + 16V/-2 + 44 
m m 2 m 3 
< 
( 1 )  4 0"-3 2 -3"/2 1 + 2 -v-1 ~ r(h, 20"-~-1 
"t- ~ v__~ 0 h ~ C,(2 . . . .  ) ) 
5 ( log2o  + )( log2o 
2N//-2 4 _3v /2(  1 ) +--~ 2 1+2-~-' E 2~-'-~) ml/2  v=o heC,(2~-,-l) r(h, 
• (llog 20"-~ + 5) (l log2o'-~ + ~) 
3 8V/-2 + 15 16x/~ + 44 ---+ + 
m m 2 m 3 
( 1)) 
q-m-i72 E 2-3v/2  1+2-~ l°g20"-~-~+~ 
v=0 
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3 4(17 + 6x//-2) (1  1 log2 
=--+ k~l°gm+ - -  + m 31m 1/2 5 rt 
• ( l l ogm + 5)  (1  logm + 8(3 49x/-2) 
3 4(17 + 6x/~)(1 11~ 3 
<-  + logm + m 31m 1/2 13,1 
which yields the desired result. [] 
15 + 2 f i )  
Theorem 9. Let the parametersa -- 2 (mod 4) and b - 3(mod4)be fixed. Let O < ~ <~ 1. Then there 
exist more than (1 - ~)m/2 values of c ~ 7/,. with c - 1 (mod2) such that the discrepancy nt3) L~rn;a,b,c o f  
triples in the quadratic congruential method satisfies 
!(4(17 + (1 11"] 3 3 )  
6x/~)m-1/z  logm + ~-~j + /~(3) 
~'m;a,b,c < -- " 31 
Proof. Subsequently, the abbreviation 
M 4(17 + 6~#2)m_1/2/1 11"] 3 3 
= 31 \In l°gm + 131 +-m 
is used. Suppose that there exist at most (1 - ~)m/2 values of c e Zm with c -= l(mod2) and 
Dr3) m;a,b,e < ~- IM,  i.e., there exist at least o~m/2 values of ce 7/,. with c -  l(mod2) and 
Dr3) -1M. m;a,b,c ) O~ Hence, one obtains 
y~ ,~3~ Mm/2, L~ ra;a,b,c 
c~. ~m 
c ------ 1 (mod 2) 
which contradicts Theorem 8. [] 
Theorem 10. Let m = 3v + # + 2 for  suitable integers v >1 1 and lae {0,1,2}. Let a = 2(mod4), 
b = 3(mod4), and c =- l(mod2) be parameters with (b -3 ) (b+ 1) =4ac+8+22v+4 
(mod2~, - ~+ 1). Then the discrepancy r~(3) of triples in the quadratic congruential method satisfies IJm;a,b,c 
1 D(3)  -1 /3  
m;a,b,c ~ 2(7-u)/3(~2 + 3n + 3) m 
Theorem 8 shows that for any parameters a, b the discrepancy/)(3) • -'m;a,b,c, on the average over the 
parameter c,has an order of magnitude at most m-1/2 (logm)3. In particular, this upper bound for 
the average value is independent of the specific choice of the parameters a, b in the quadratic 
congruential method, provided the conditions a = 2(mod4) and b = 3 (mod4) are met. Theorem 
7 implies that the upper bound for the average value is best possible up to the logarithmic factor, 
since the discrepancy l.lm;a,b,c,n(2) and hence even more the discrepancy /-~(3),,,,,;a,b,c, of any quadratic 
congruential generator with a - 2(mod4), b - 3(mod4), and c - l(mod2) has an order of 
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magnitude at least m-1/2. Altogether, these results show that the discrepancy of triples is of an 
order of magnitude between m-1/2 and m-1/2(logm)3, which again fits the law of the iterated 
logarithm for the discrepancy of true random points in [0, 1) 3. Theorem 9 provides even more 
information, since it implies that for any parameters a, b only an arbitrari ly small percentage of the 
parameters c may lead to a discrepancy of triples with an order of magnitude greater than 
m-a/2(logm)3. On the other hand, Theorem 10 shows that there exist parameters a, b, c in the 
quadrat ic ongruential  method such that the discrepancy of triples is of an order of magnitude at 
least m-  1/3, which is too large in view of the law of the iterated logarithm. It is still an unsolved 
problem to identify all values of the parameters a, b, c, for which the discrepancy of triples is of an 
order of magnitude considerably greater than m-  1/2 
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